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and the dilatation is

160

p
— = - = —9.14 X 10°*
K 175(10%)

e= —

Since the initial volume of the block (Fig. 2.6)is ¥, = 2 x 1.5 X 1 = 3 m’, Eq. (2.24)
vields

AV=elV,=(-9.14x 107*)(3 x 10°) = —2.74 x 10°* mm?

where a minus sign means that the block experiences a decrease in the volume. as
expected intuitively.

2.9 MEASUREMENT OF STRAIN: BONDED STRAIN GAGES

A wide variety of mechanical, electrical, and optical systems has been
developed for measuring the average strain at a point on a free surface of a
member [Ref. 2.5]. The method in widest use employs the bonded electric
wire or foil resistance strain gages. The bonded wire gage consists of a grid of
line wire filament cemented between two sheets of treated paper or plastic
backing (Fig. 2.12a). The backing insulates the grid from the metal surface on
which it is to be bonded and functions also as a carrier so that the filament
may be conveniently handled. Generally, 0.025-mm diameter wire is used.
I'he grid in the case of bonded foil gages is constructed of very thin metal foil
(approximately 0.0025 mm), rather than wire. Because the filament cross
section of a foil gage is rectangular, the ratio of surface area to cross-
sectional area is higher than that of a round wire. This results in increased
heat dissipation and improved adhesion between the grid and the backing
material. Foil gages are readily manufactured in a variety of configurations.
In general, the selection of a particular bonded gage depends on the specific
service application.

The ratio of the unit change in the resistance of the gage to the unit
thange in length (strain) of the gage is called the gage factor. The metal of
which the filament element is made is the principal factor determining the
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Figure 2.12  (a) Strain gage; (b) strain rosette,
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magnitude of this factor. Constantan, an alloy composed of 60% copper and
40% nickel, produces wire or foil gages with a gage factor of approximately 2.

The operation of the bonded strain gage is based on the change in
electrical resistance of the filament that accompanies a change in the strain.
Deformation of the surface on which the gage is bonded results in a
deformation of the backing and the grid as well. Thus, with straining, a
variation in the resistance of the grid will manifest itself as a change in the
voltage across the grid. An electrical bridge circuit, attached to the gage by
means of lead wires, is then used to translate electrical changes into strains.
The Wheatstone bridge, one of the most accurate and convenient systems of
this type employed, is capable of measuring strains as small as 1 p.

Strain Rosefte. Special combination gages are available for the mea-
surement of the state of strain at a point on a surface simultaneously in three
or more directions. Generally, these consist of three gages whose axes are
either 45° or 60° apart. Consider three strain gages located at angles 6,, 0y,
and 6, with respect to reference axis x (Fig. 2.12b). The a-, b-, and c-directed
normal strains are, from Eq. (2.10a),

™
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e, cos® O, + &, sin” 6, + 7, sin 6, cos 0,

g, cos® 0, + &, sin° 0, + v,, sin 6, cos 6, (2.34)
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&, cos’ 6, + &, sin® 6, + v, sin 6, cos 6,

™
|

When the values of &,, &,, and &. are measured for given gage orientations
0., 0,, and 6., the values of &,, £, and y,, can be obtained by simultaneous
solution of Egs. (2.34). The arrangement of gages employed for this kind
measurement is called a strain rosette.

Once plane strain components are known, we can apply Eq. (3.11b)
Sec. 3.3 to determine the out-of-plane principal strain &,. The in-plan
principal strains and their orientations may be obtained readily using Eq$
(2.12) and (2.13). as illustrated next, or Mohr's circle for strain.

Example 2.6

Strain rosette readings are made at a critical point on the free surface in a structu
steel member. The 60° rosette contains three wire gages positioned at 0°, 60°, an
120°, The readings are

g, = 190 u, g, = 200 p, .= —300 pn
Determine (a) the in-plane principal strains and stresses and their directions, and

the true maximum shearing strain. The material properties are [ = 200 GPa a
p = (3.



Sec. 2.9 Measuement of Strain: Bonded Strain Gages 75

Solution F¢r the situation described, Eq. (2.39) provides three simultineous
CxXpressions:

&, = &,
3 V3
Ep = 1€, + E‘E_; + T‘}'r}
v o5 _ 8
e =36+ 3¢5, — 2 Yo
From these,
EX = Eﬂ'
&, =%[2(sh+s)—-£]
(b)
7.

Note that the relatimships between €as €p, and &. may be observed from a Myhr's
circle construction corresponding te the state of strain g, €y, and y, at the point
under consideration.

(a) Upon subst tuting numerical values, we obtain E =190 pu, & = —13 A
and vy, = 577 w. Then, from Eq. (2.13), the principal strains are |

190 — 130 190 + 1302 [ 5772]"/2
&y o= #i'#( )‘f‘("—‘)

2 2 2
=30 u + 330 p
or
£ = 360 pu, €= =300 u (c)

The maximum shear strain is found from
Ymax = t(&; — £,) = +[360 — (=300)] p = + 660

I'he orientations of the principal axes are given by Eq. (2.12):

-1 5?7 o ’ .} H o
26, = tar 0 = 61° or 0, = 30.5°, 0, = 120.5 (d)

When 6, is substituted into Eq. (2.11) together with Eq. (b), we obtain 360 .
Mherefore, 30.5° and 120.5° are the respective directions of €, and &,, measured fram
the horizontal axis in a rounterclockwise direction. The principal stresses may now be
lund from the gencralzed Hooke's law. Thus, the first two equations of (2.28) for
Planc stress, letting o, = 0, I = 0y, ard o, = o,, together with Egs. (¢), yield

200 x 10°
T T 009 [360 + 0.3C ~300)1(10-6) = 5934 MPa

200 x 103
Oy = 001 ~[ =300 + (.3(360)] = ~42.2 MPa

-
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The directions of ¢, and o, are given by Eq. (d
shear stress is

). From Eq. (2.30), the maximum

200 % 107
= 660 X 10~ ° = 50.77 MPa

Tmax = (1 4+ 0.3)

Note as a check that (o, — o,)/2 yields the same result.
(b) Applying Eq. (3.11b), the out-of-plane principal strain is

,, ) o= (190 — 130) 26
+ )= - — e —
L 1 —08:3 & a

£,= —

found in part (a) is redesignated &; = —300 p so that

The principal strain &;
—26 . The true maximum shearing strain

algebraically &, > &3, where &, =

(Tmal}r = i(gl - 33) (235)

is therefore +660 w, as already calculated in part (a).

lar to that used in the preceding numerical

p expressions relating three-clement gage
Table 2.1 provides

Employing a procedure simi
example, it is possible to develo
outputs of various rosettes to principal strains and stresses.

TABLE 2.1 Strain Rosette Equations

1. Rectangular rosette or 45° strain roselie
Principal strains:

- 2
E12 = IE[EH + &, + .J(Ea - gr)' + [‘?'Eh - &4 EE)*]

Principal stresses.
Eleg, + ¢ |
2 2
[ z —+ \/(aﬂ*ar) + (28, — &, — &)

Ty 2 = — =T
2 a2 1 —» 1+ v

Directions of principal planes:

231, - Hﬂ — &,

tan ZGP =
B, =i,

2 Delta rosette or 60° strain rosette

Principal strains:
! 2 2 2
£j.2 55 Eq + &, + £, + ﬁ {Eﬂ o ah} s & {“:b == E-'() 2 i (E‘, - Su)

Principal stresses:

E|ls, + 8+ & V2 < = = _
[ : \/{sﬂ— g,) + (g - Et.]'+(£f—£‘u)"] (2.3

(2,374

g™ = +
’ 3 e | + »

Directions of principal planes:

3(&, — &,
L Rl (2.3%

28, — 8y &

l}
tan -H,,
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(wo tvpical cases: cquations for the rectangular rosette ( 0. =0 0, =45° and

0. = 90°) and the deltg rosette (6, = (°, 9, = 60°% and 9. = 120°), Experimen-

tal stress analysis is facilitated by this kind of compilation.
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