/\ TOBB EKONOMI VE TEKNOLOJi UNIVERSITESI

MAKS06 THEORY OF ELASTICITY
FALL 2010

Assoc. Prof. Mehmet A. Guler, Assistant: Levent S6zen
HOMEWORK 1 Solution

1. (Pr. 1.1, Elasticity, M. H. Sadd) For the given second- and first-order tensors
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a, =0 4 2|, b =[0
01 1 2

compute the following quantities: a., a.

a;a,, a;b., abb., bb;, bb . For

IR R | S e g e e g e g
each of the quantity, point out whether the result is a scalar, vector or a higher-
order tensor.

a
) a; =a, +a, +a, =1+4+1=6— scalar zerothorder tensor
b)
111
a; =| 0 4 2|—second order tensor
011

Q;ay =8y, T &,3, 8385 =G

i=Lk=1- ¢ =a,8; +a,3, + a3, = (1)1)+@)(0) + (D)(0) =1

1 6 4

¢, =a;a; =0 18 10 |— second order tensor
0 5 3

d)
aijbj = a‘ilbl + ai2b2 + a‘i3b3 = di
3
d; =a;b; =| 4 | > firstorder tensor(vector)
2



e)
a; bibj = a11b1b1 + a12b1b2 + a13b1b3

+ a‘ZIbeJ. + a22b2b2 + a23be3
+ay,b,b +a,,bb, +a,bb, =7 — scalar

f)
bb Bb, bb, | 110 2
bb; = f; =|b,b, bb, bb, =0 0 0|-—secondordertensor
b,o, bb, bib, 204
9)

bb, = b, +b,b, +bb,
=b’+b+b’=1+0+4=5— scalar

. (Pr. 1.4, Elasticity, M. H. Sadd) Explicitly verify the following properties of the
Kronecker delta:

0,8 = 6yd, + 9,8, + 0,38, =,
i=1d =3
i=2,d,=a,

i=3,d,=a,

0585 = 8,ydy, + 8,y + 0,385 = C

ij 4k

i=1 = Cy =y,
=2, =0C, =38,
=3, =C, =2,

5ijajk =Gy =y
. (Pr. 2.5, Continuum Mechanics for Engineers, G. Thomas Mase and George E.
Mase) Expand the following expressions involving Kronecker deltas, and simplify
where possible.

@ 6,65, (b) 66uby, (€) 56y, (d) oA

ij~ jk



a)

b)

d)

é‘ijé‘ij =001 +0,,0,, + 6303 , 1=1,2,3
= 01,0y + 01,01, + 013015
+ 051051 + 05,05 + 0305
+ 043031 + 0303, + 033055 = 3

5,85

ij
First find 6,0,
00 = 8,0y + 0,0y, + 0,305 = [Cik ]3X3
i=Lk=1= c,=0,0,,+0,,0,, +0,30; =1
i=Lk=2= c,=0,0,+0,,0,,+09,305, =0
i=L k=3= C;=0,,013+0,,0,5+ 0305, =0
100

é}jgjk :[Cik] =101 0|=4,

001

é‘ijé‘jké‘ik = §ik5ik = é‘ilé‘il + 5i2§i2 + §i3§i3
= 01,0y + 01,01, + 013015
+ 051051 + 05,05, + 0305
+ 03031 + 030, + 033055 = 3

5'5jk:5ik

ij

5ijAk :51jA1k +62jA2k +53jA3k :[Djklxg
1=1k=1= Dy, =6,,A; + 0, A0+ 05 Ay = Ay

1=2k=1=D, =6,A;+ A + A = Ay
J=3k=1= Dy =0 3A, + Ay + 05Ay = Ay
J=2k=1=D, =6,A;+ 0P + 05 = Ay
Dic = A
é‘ijAk :Ajk



4.

(Pr. 2.19, Continuum Mechanics for Engineers, G. Thomas Mase and George E.
Mase) The angles between the respective axes of the Ox/x;x; and the Oxx,X,

Cartesian systems are given by the table below
Xl XZ X3

X, 45 90" 45

X, 60° 45 120°

X, 120" 45 60

Determine

(a) The transformation matrix between the two sets of axes, and show that it is
a proper orthogonal transform.

(b) The equation of the plane x, + X, + X, =1//2 iniits primed axes form, that
is, in the form b x/ +b,x; +b,x; =b

X/ =a;% = {x}=[A] {x}
X1’ =8 X 8%, + 85X
Xz' =8, X + 8%, T 83X,
Xs, = A X 855X, + 833X
or
X = ainj’ = {X} = [A]{X'}
X = anxlr + a12X2' + a13X3,
X; = aZlX:Ll +a, le + azsxs’
X3 = aSlXJ.’ + 332le + aﬁzxal
a, 8, ay cos45 cos90 cos45

A" =|a, a, a, |=|cos60 cos45 co0s120
Q3 Ay gy cos120 cos45 cos60



V2 4 N2
2 2
1 V2 1 )
Al =| = X2 = N_TA
Al =15 5 3 xp=[A] {x}
121
2 2 2
Y2 11
2 2 2
100
[A] =| 0 g % (x}=[A]{x} [A]' [A]=]0 1 0
001
V2 11
2 2 2
V2 o, 01, 1,
X1:7X1 +EX2 _Exz
X2=(0)X1’+£X2,+\/7X3’
2 2
X—ﬁ '_EX’_;’_EX,
3 2 X1 2 2 2 3
+X, + X _ 1 2%, ‘/EX'JFQX’
Xl 2 3 \/E M 2 2 3
N2 (oo
27(2X1 +x2+x3)

2%+ X, +X, =1
blxi' + bzxz' + b3X3’ =h

b =2
1
1

b,
b,
b=1



